
P R O P A G A T I O N  OF T W O - D I M E N S I O N A L  

W A V E S  IN A T H I C K  P L A T E  

Y u .  R .  L e p i k  

PLASTIC 

A study is made of the propagation and interact ion of two-dimensional  waves of high ampli -  
tude in a thick plate.  A monotonically decreas ing  p re s su re  is applied to the surface of the 
plate.  Deformations are  assumed to be large;  the problem is formulated and solved in 
Lagrangian var iables .  An approximate method for  construct ing the fronts of the shock 
waves is proposed.  The p r e s s u r e  and par t ic le  velocity at an a rb i t r a ry  point and at an 
a rb i t r a ry  instant of t ime are  determined by the method of cha rac te r i s t i c s .  A numerica l  
example is given. 

1. We consider  an infinite plate with the free surfaces  x = 0 and x = h (x is a Lagrangian coordinate 
of the medium). At the surface x = 0 we assume that a dynamic compress ive  force,  varying according to 
the law (r = o-0f(t) , is acting; the symbol f ( t )  denotes a monotonically decreas ing  function with f(0)  = 1. 
The s t r e s s -de fo rma t ion  dependence is approximated with the aid of the formulas  (Fig. 1) 

z = L [  l ~ e )~ + 4 , for z > z A  z =  E~ e for z<.z~ 
(1.1) 

Here L, M, and k are  charac te r i s t i c  constants  for  the given mater ia l ,  and the quantity E~ is ca lcu-  
lated f rom the formula  

The slope of the tangent at the point A is obtained f rom the formula  

(1.2) 

dz) ___ kL (1.3) 
E 2 -  ~ -  e=eA ~ ( l -  eA)~+l 

We assume that the p r e s s u r e  applied to the plate is sufficiently high so that loading and unloading of 
the mater ia l  can be assumed to take place along a single path (hydrodynamic model of the medium). We 
neglect any effect of the tempera ture  and also of the deformation rate on the mechanical  pa rame te r s  of the 
mater ia l .  

2. The equations of motion in the Lagrangian coordinates x, t have the form (v is part icle  speed, p 
is mater ia l  density, and P0 is the density of the undeformed state) 

0 v  02 0p p~ 0v 
P0-~ + ~ -  = 0,~ ~ + -~0 ~"  = 0 (2.1) 

This sys tem has the cha rac te r i s t i c s  cLx = • where the Lagrangian wave speed a(e) is given by 
the formulas  

{ V ~ 0  for ~ < %  

a (e) = V~L-7 p0 (i - e) -%(~§ for z > z A (2.2) 

Tartu.  Transla ted  f rom Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 1, pp. 100-106, 
J a n u a r y - F e b r a u r y ,  1971. Original ar t icle  submitted May 6, 1970. 

�9 1973 Consultants Bureau, a division of  Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of  the publisher. A copy of this article is available from the publisher for $15.00. 

85 



/ 

/ i  / 

e 

Fig .  1 

T 

,Z'=~ 

Fig .  2 

p J  

Fig .  3 

F ig .  4 

compu ta t ions  ind ica ted  above .  

If ~ > ~A,  the condi t ions  on the c h a r a c t e r i s t i c s  have the f o r m  

v Jr K (i - -  e) ']~-k) --= R1 for dz = a (e) dt K = T-2-T--I 

v - -  K (1 - -  e) '/'(~-k). = R 2 for dz = - -  a (e) dt , \ Po ] I 
(2.3) 

At the wave f ron t s  the j u m p  condi t ions  a re  sa t i s f i ed ,  i . e . ,  

[v] = a [e], [0] = p0a [v] (2.4) 

F o r  the c a s e  u n d e r  c o n s i d e r a t i o n  r e g i ons  on the x t - p l a n e  appear ,  
d i s t r i b u t e d  as  shown s c h e m a t i c a l l y  in  F ig .  2. 

Two shock waves  appea r :  one shock wave a r i s e s  d u r i n g  loading of 
the m a t e r i a l  owing to the concav i ty  of the po r t i on  AB in  the d i a g r a m  of 
F ig .  1; s ince  E 2 < E l ,  yet  ano the r  shock wave a r i s e s  du r ing  unloading  of 
the m a t e r i a l  (upon p a s s i n g  through the point  A of F ig .  1). The f ron t s  of 
these  shock waves  a r e  shown in  F ig .  2 as the c u r v e s  0BC and AC. C a l c u -  
l a t ions  show that  in  m a n y  c a s e s  the quan t i t i e s  v and e change v e r y  l i t t l e  
a long the pos i t ive  c h a r a c t e r i s t i c s .  An app rox ima te  method  for  c o n s t r u c t -  
ing the shock f ron t  ma y  be ba se d  on this  fact  whe reby  the quan t i t i e s  v and 
e a r e  a s s u m e d  to be cons t an t  along the pos i t ive  c h a r a c t e r i s t i c s .  We r e -  
m a r k  that  such  a method  was  in  e s s e n c e  appl ied  in [1] by Lyakhov and 
Polyakova .  In ano the r  pa pe r  we sha l l  p r e s e n t  a m o r e  p r e c i s e  method  for  
c o n s t r u c t i n g  the shock f ron t ,  one in which an e s t i m a t e  is  g iven  of the p r e -  
c i s ion  a t t a ined  by the a pp r ox i ma t e  me thod .  

We now d e t e r m i n e  the shock f ron t  a c c o r d i ng  to the fol lowing s c h e m e :  
If the quan t i t i e s  v and e a re  c o n s t a n t  a long the pos i t ive  c h a r a c t e r i s t i c s ,  
then  these  c h a r a c t e r i s t i c s  a r e  s t r a i g h t  l i n e s .  In the ca se  c o n s i d e r e d  he r e ,  
the funct ion  e = e(t) is  g iven  on the axis  x = 0. We choose  a suf f ic ien t ly  
s m a l l  t i m e  i n t e r v a l  At and plot on the axis  x = 0 the po in ts  Mn = n a t ,  
where  n = 1, 2, 3 . . . .  (Fig.  3); th rough  these  poin ts  we draw the c h a r a c -  
t e r i s t i c s  x = a(e)t  + C in  the pos i t ive  d i r e c t i o n .  If the shock wave p a s s e s  
th rough the point  M and i ts  in i t i a l  speed  a .0  is  known, we can  c o n s t r u c t  
the in i t i a l  po r t i on  MDt of the shock wave a c c o r d i n g  to the f o r m u l a  x = 

a ,  0 (t - tM). 

At the point  D 1 the jump condi t ions  (2.4) have the f o r m  

+ - -  a 2~,, + ~ % - = a , l ( e D + - - % - )  (2.5) Dt 6D,- ~ P0 *i ~ D ,  - -  eD~-)~ Y D ,  - -  

The p lu s  and m i n u s  s u p e r s c r i p t s  r e f e r  to va lues  of quan t i t i e s  a f t e r  
and before  pas sage  of the shock f ron t ,  r e s p e c t i v e l y ,  and a ,  1 is  the shock 

wave speed  at the point  D 1 . 

Since we r e g a r d  the va lues  o131 , VD1 , a d z  as known, and s ince ,  in 
addi t ion,  we have 

YDt + ~ yM,~ eD~ + ----- eM,  

we can  then d e t e r m i n e  the quan t i t i e s  VM1 and a ,  1 f r o m  the s y s t e m  (2.6). 
With s lope  a , 1  we draw the next  po r t i on  of the shock wave up to i t s  i n t e r -  
s ec t ion  with the c h a r a c t e r i s t i c  1V[2N 2 at the point  D 2 and we r e p e a t  the 

Al l  po r t i ons  of the shock cu rve  m a y  be c o n s t r u c t e d  in  this  way.  V~ r e m a r k  
that  wi th  the p r e s e n t  me thod  the condi t ions  (2.3) a re  not s a t i s f i e d  on the nega t ive  c h a r a c t e r i s t i c s .  This  
l a t t e r  c i r c u m s t a n c e  m a k e s  it  poss ib l e  to ve r i fy  the p r e c i s i o n  a t t a ined  with the a p p r o x i m a t e  so lu t ion .  To do 
th i s ,  we c o n s t r u c t  s e v e r a l  nega t ive  c h a r a c t e r i s t i c s  M1C1, M 2 C  2 . . . . .  then  f ind the va lues  of v and e at  the 
po in ts  of i n t e r s e c t i o n  with the pos i t ive  c h a r a c t e r i s t i c s ,  and then check to see how m u c h  they devia te  f r o m  
the condi t ions  (2.3). 

86 



\ 

o j 

7 

/ / "  

. /  

~,cm 
/T /J 

F i g .  5 

. f  

To apply the m e t h o d  of  c o n s t r u c t i n g  the shock  f ron t  o u t -  

l i ned  above ,  the s lope  a ,  0 of the in i t i a l  po r t i on  of  the wave  m u s t  

be known.  F o r  a loading  wave  th is  quant i ty  m a y  be r e a d i l y  found; 

as  i s  ev iden t  f r o m  F i g .  2, n e a r  the point  O a -  = v -  = 0, ~+ = (r0, 

and in a c c o r d  with  the j u m p  cond i t ions  (2.4) we have  

a,o = ~-o'7 poeo (2.6) 

D e t e r m i n a t i o n  of the quant i ty  a ,  0 fo r  an un loading  wave  is 
m o r e  invo lved ,  s i nce  h e r e  the quan t i t i e s  o-- and v -  a r e  not  known. 

To so lve  th i s  p r o b l e m  we r e c o m m e n d  the fo l lowing  s c h e m e :  

We c h o o s e  a s m a l l  quant i ty  Air and r e p l a c e  the c u r v e  (r = 

(r (t) of  the d i a g r a m  c l o s e  to the point  cr = a A  by a s t e p - c u r v e  

(F ig .  4), the he ight  of  e a c h  s t ep  be ing  Air .  In the x t  p lane  t h e r e  

now a p p e a r  r e g i o n s  1, 2, 3 in which  the p a r a m e t e r s  (r and v have  

cons t an t  v a l u e s  (Fig.  4), w h e r e  (~1 = (~A +Air ,  ~2 = a A ,  ~3 = a A -  
Af t .  

The  f ron t  1-2 has  the s lope  a = a l (r = qA + Air ,  and the  
f ron t  2-3 has  the  s lope  ai  = ~fE1-- ~ 0. S ince  a 1 > a ,  both waves  

m e e t  at the point  F .  T h i s  c o l l i s i o n  g ive s  r i s e  to a r e f r a c t e d  wave  
1-4  and a r e f l e c t e d  w a v e  3-4 .  The  p a r a m e t e r s  ~ and v a r e  cons tan t  a l s o  in the r e g i o n  4. A p p a r e n t l y ,  
~4 < irA, s i nce  o t h e r w i s e  the  shock  f ron t  1-4  would not have  a r i s e n .  Since  ~3 < ~A,  the f ron t  be tween  the 
r e g i o n s  3-4  p r o p a g a t e s  at  the speed  a I . 

We now deduce  f o r m u l a s  fo r  d e t e r m i n i n g  the p a r t i c l e  speed  in the r e g i o n s  1-4 ,  the s t r e s s  ~4, and the 

speed  of the shock  f ron t  1 -4 .  To do th is  we w r i t e  out the j u m p  condi t ions  at  the  wave  f r o n t s  ( a .  0 is  the 
s p e e d  of the shock  wave  1-4) 

�9 v 2 - -  vx  = a ( e 2 - -  ex) 

v3 - -  vz = al (e3 - -  e2) 

v~ - -  v8  = - -  a ~  ( e ~  - -  e 3 )  

V 4 -  V 1 = a , o  ( e 4 - -  e l )  

~ 4 - - ( r l  - ~  p o a ,  o ~ ( e 4 - -  el) 

On the  b a s i s  of the r e l a t i o n s  (1.1) and (1.3) we have  

(2.7) 

de I A~ A,'~ 6 A A3 
ex ~ eA -~ ~/Z=OA = e.r 4- E~ = Er -f-, E~ 

~ A  G A - -  A ~  ~4 
e~ = e A  ~ ~ , e3  - -  E : t  ' e4  - -  E x  (2.8) 

We a l so  i n t r o d u c e  the no ta t ion  

6A ~ 64 
• - -  A ~  (2 .9 )  

The s y s t e m  (2.7) now a c q u i r e s  the  f o r m  

Az Az 
v~-- vx : --  a ~ ,  v a - -  v 2 ~ - -  a 1 

p0a.0~ E1E~ (1 + • E, §215 (2.11) 

F o r  a su f f i c i en t ly  s m a l l  s t e p A t r  we can  a s s u m e  that  a ~ ~E2/P0;  ff now we add the f i r s t  t h r e e  of 
E q s .  (2.10) and s u b t r a c t  the l a s t  one,  we obta in  
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1 2- - •  ) + ~ = 0 (2.12) 

F r o m  E q s .  (2.11), (2.12) we d e t e r m i n e  the  qua n t i t i e s  ~t and  a ,  o. If, in add i t ion ,  we i n t r o d u c e  fo r  c o n -  
c i s e n e s s  the  no ta t ion  y = E2 /E1 ,  we f ind tha t  

z = 4 (~ + V~) (2 .13)  
1-]-2 ]/7 -~ 5T 

a,0 VP0 ~ f~  (l + 3 ~f~) (2.14) 
�9 i +  g ~ + 2 ~  

F o r m u l a  (2.14) d e t e r m i n e s  the  s l o p e  of the  i n i t i a l  p o r t i o n  o f  the  s h o c k  wave  wh ich  a r i s e s  wi th  u n l o a d -  
ing of the  m a t e r i a l .  

We now p r o c e e d  to  a d e t e r m i n a t i o n  of  the  p a r a m e t e r s  a and v in  the  r e g i o n s  of  F i g .  2. In t h o s e  p o r -  
t i ons  of  the  shock  wave  of l o a d i n g ,  w h e r e  ~+  > q B  (the p o r t i o n  OB of F i g .  2; (~B is  the  s t r e s s  a t  the  po in t  B 
of  F i g .  1), the  p a s s a g e  in to  the  r e g i o n  2 p r o c e e d s  d i r e c t l y  f r o m  the  q u i e s c e n t  r e g i o n  0. If ,  h o w e v e r ,  ~+  < 
(rB, t hen  be tween  the  r e g i o n s  0 and 2 t h e r e  m u s t ,  in  add i t ion ,  be  a r e g i o n  1 w h e r e  the  p a r a m e t e r s  have  c o n -  
s t a n t  v a l u e s ,  n a m e l y ,  

~A vi = ~A, Yi = - -  (2.15) poai 

The s t r a i g h t  l i ne  0-1 i s  a s t r o n g  d i s c o n t i n u i t y  c u r v e ,  i t s  i n c l i n a t i o n  to the  t ax i s  be ing  a I = 
The  f ron t  0 -2  i s  a shock  f r o n t .  At  po in t  B of  F i g .  2, w h e r e  (r = (~B, a b r a n c h i n g  of the  f ron t s  t a k e s  p l a c e .  
I f  i n i t i a l l y  the  s t r e s s  ~ i s  l e s s  than  ~ B  ( i .e . ,  (r 0 < ~B) ,  the  po in t  B c o i n c i d e s  wi th  po in t  O and the  b r a n c h i n g  
of the  f r o n t s  o c c u r s  a t  the  o r i g i n .  In r e g i o n  2, w h e r e  q > ~A,  the  c h a r a c t e r i s t i c s  a r e  not s t r a i g h t  l i n e s ,  
t h e r e b y  c o m p l i c a t i n g  the d e t e r m i n a t i o n  of  the  p a r a m e t e r s  in r e g i o n s  2 and 3. The  c a l c u l a t i o n s  a r e  s i m p l i -  
f i ed  s i g n i f i c a n t l y  i f  the  a s s u m p t i o n  i s  m a d e  tha t  in r e g i o n s  2 and 3 the  qua n t i t i e s  q and v a r e  c o n s t a n t  a long 
the p o s i t i v e  c h a r a c t e r i s t i c s .  

The  wave  0-1  r e f l e c t s  f r o m  the  wa l l  x = h and a r e g i o n  4 a p p e a r s ,  w h e r e  

26 A 
~ a = O ,  v ~ = - - -  (2.16) 

~Oal 

As a r e s u l t  of the  i n t e r a c t i o n  of t he  w a v e s  1-4  and 1 -2 ,  two new w a v e s  a p p e a r  at  the  poin t  E, w h e r e  
the  r e f r a c t e d  wave  4 - 5  i s  a c u r v e  of  s t r o n g  d i s c o n t i n u i t y  and the  r e f l e c t e d  wave  2 -5  i s  a s h o c k  w a v e .  In 
s u b s e q u e n t  i n t e r a c t i o n s  t h e r e  a p p e a r  the  ad d i t i ona l  r e g i o n s  6 - 9 .  Only in r e g i o n  2 do we have  ~2 > a A ,  in  
a l l  the  r e m a i n i n g  r e g i o n s  the  s t r e s s  i s  l e s s  than  cr A.  

C o n s t a n c y  of  the  q u a n t i t i e s  (r and v i s  a s s u m e d  only fo r  the  r e g i o n  2. In the  r e g i o n s  3, 5-9  v a l u e s  of 
t h e s e  q u a n t i t i e s  a r e  e a s i l y  d e t e r m i n e d  by  the m e t h o d  of c h a r a c t e r i s t i c s .  A s  fo r  r e g i o n  3, we i n i t i a l l y  d e -  
t e r m i n e  the  v a l u e s  of v in the  t r i a n g u l a r  r e g i o n  ACD and then  s u b s e q u e n t l y  fo r  the  r e m a i n i n g  p a r t  of r e -  
g ion  3.  

To i l l u s t r a t e  the  m e t h o d  we d e t e r m i n e  the qua n t i t i e s  e and v f o r  the  po in t s  P ,  Q, and R of F i g .  2, a s -  
s u m i n g ,  m o r e o v e r ,  tha t  the  shock  wave  AC h a s  a l r e a d y  b e e n  c o n s t r u c t e d  and tha t  the  v a l u e s  of e and v have  
a l so  b e e n  found in the  r e g i o n  ACD.  T h r o u g h  the po in t s  P and Q we d r a w  the  p o s i t i v e  and n e g a t i v e  c h a r a c -  
t e r i s t i c s ;  t hey  a r e  s t r a i g h t  l i ne s  wi th  s l o p e s  e~a 1 = • ~ F o r  t h e s e  c h a r a c t e r i s t i c s  the  fo l lowing  cond i -  
t i ons  m u s t  be  s a t i s f i e d :  

l)Q ~ -  a l e  Q = v p  -~- a l e  P 

V Q - -  a l e  Q --- v T - -  a l e  T (2.17) 

y p  - -  a l e  P --- U S - a l e  s 

Since  the  p a r a m e t e r s  in the  r e g i o n  ACD have  a l r e a d y  been  d e t e r m i n e d ,  the  q u a n t i t i e s  VT, eT ,  v S , 
and e S a r e  known.  In add i t ion ,  e p  i s  known f r o m  the  l oa d ing  s c h e d u l e  a = a (t) on the  s u r f a c e  x = 0. C o n -  
s equen t l y ,  f r o m  the  s y s t e m  (2.17) we m a y  d e t e r m i n e  the  unknown qua n t i t i e s  v p ,  VQ, and eQ.  We now p r o -  
c e e d  to the  po in t  R.  We s h a l l  i n t e r p r e t  the  j u m p  c u r v e  4 - 7  as  a double  c h a r a c t e r i s t i c .  The  cond i t i ons  f o r  
the c h a r a c t e r i s t i c s  now have  the f o r m  
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T A B L E  1 

x ~ + . i 0 - ~  

0 
0,309 
0,510 
0,866 
1.300 
i.6t4 
2,017 
2,489 
3,085 
3,816 
4,859 
6,246 
8,179 

t,iO -6 a, , iO-~ g-.tO-a 

0.743 0.4708 t i.650 
t.398 0 .4870 1,708 
1,811 0.4850 1.749 
2.546 0.4845 1,806 
3".441 0.4890 1.851 
4.084 0,490i t.881 
4.909 014914 1.9tl 
5.869 0.4926 1.942 
7.079 0.4939 1.974 
8.558 0.4950 2.006 

10,665 0,4963 2.038 
13,460 0,4975 2.072 
17,345 0.4986 I 2.t05 

t.650 
1,527 
1,469 
1,368 
1,253 
t.t81 
t,096 
t,007 
0,907 
0.801 
0,673 
0.538 
0.396 

T A B L E  2 

x ' t . i O  - s  a . . i O - ~  r - 5  

0 
0,572 
0,924 
i,427 
t.784 
2.286 
3.018 
3.622 
4.322 
4,736 
6,237 
7,225 
8.677 

o 
t,150 
t,867 
2,903 
3.638 
4.687 
6.226 
7.506 
8.998 
9,885 

13.113 
i5,226 
18.334 

0.5004 3 
0.4904 2,768 
0,4855 2~658 
0,4808 2,554 
0,4780 2,493 
0,4752 2.433 
0.47t6 2.356 
0.4694 2,309 
0.4672 ] 2.263 
0.4651 2.2t8 
0,4630 2.174 
0,46t2 2,139 
0.4595 ] 2,105 

T A B L E  3 

"o-iO - s  v . 1 0 - ~  

Points 

b 

d 

l + 
0.3326 

0.3266 0.4t31 
0.4t31 --1.1744 

--t.t744 --0.0087 
0.3771 0.4217 
0.4217 --i,i657 

--i.i657 0 

- I + 

0.0525 
0.0540 0.03t5 
0.03t5 0.4459 
0.4459 0.t416 
0.0672 0.0337 
0 0337 0.4481 
0.4481 0.1438 

v R- ~ ale R- ~ VQ .Jr ale Q 

P i - - - a l e R - ~ y c - - - a l e c -  

VR+--~leR§ + 
(2.18) 

M o r e o v e r ,  i t  wi l l  a l so  be  n e c e s s a r y  to s a t i s f y  the  j u m p  condi t ion  

v~ v R- = a 1 (ea§ - -  %-) (2.19) 

- v § ' F r o m  E q s .  {2.18), (2.19) we d e t e r m i n e  the  quan t i t i e s  v R , R e R -  , e R  +. If the d e f o r m a t i o n s  eQ, 
e R - ,  eR+ a r e  a l r e a d y  known, the  c o r r e s p o n d i n g  s t r e s s  can  be  d e t e r m i n e d  on the b a s i s  of  the  a - e  d i a g r a m .  

In th is  way the v a l u e s  of  a ,  e ,  and v can  be found fo r  an a r b i t r a r y  point  of  the d i a g r a m  of F ig .  2. 

We r e m a r k  tha t  the d i s t r i b u t i o n  of  r e g i o n s  shown in F i g .  2 i s  not the only  one p o s s i b l e .  If the  p la te  

i s  s u f f i c i e n t l y  th ick ,  the shock  f ron t  of load ing  m a y  i n t e r s e c t  the  shock  f ron t  of  un loading  e v e n  b e f o r e  the 

boundary  x = h i s  r e a c h e d .  We take  up the c o n s i d e r a t i o n  of th is  c a s e  in an e x a m p l e ,  wh ich  we  s o l v e  in S e c -  
t ion 3. 

3. C o n s i d e r  a p l a t e  of t h i c k n e s s  h = 15 c m .  The  s t r e s s  appl ied  to i t s  s u r f a c e  x = 0 v a r i e s  a c c o r d i n g  
to the law 

-- 300 000 exp (--0.805.10 e t) 

F o r  the  v a l u e s  of the m a t e r i a l  p a r a m e t e r s  L,  M, k, and c~ A we take  

L = 142.5.t03, M = - -  67A.t03, a~ ---- 165 000 bar, k-~ 6 

B e f o r e  p r o c e e d i n g  to a so lu t ion  of  the  p r o b l e m  we d e t e r m i n e  the  quan t i ty  cr B (cf. F i g .  1). Upon m a k -  
ing the c o m p u t a t i o n s  we f ind that  (r B = 3.28 �9 105 b a r .  S ince  in th is  c a s e  o- < C~B, the r e g i o n  1 of  F i g .  2 i s  
a l r e a d y  p r e s e n t  at the i n i t i a l  i n s t an t  t = 0. Next  we c o n s t r u c t  the  f r o n t s  of  the shock  w a v e s  1-2  and 2-3  

(Fig .  5), the in i t i a l  s lope  of  the  f ron t  2 -3  be ing  c a l c u l a t e d  f r o m  f o r m u l a  (2.14): a *0 = 0.4708 �9 108 c m / s e c .  

The  c o m p u t a t i o n a l  r e s u l t s  a r e  p r e s e n t e d  in T a b l e s  1 and 2, the da ta  in T a b l e  1 c o r r e s p o n d i n g  to the  f ron t  
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1-2 and that in Table 2 to the front 2-3.  In these tables x and t are  coordinates of a point of the shock front, 
a ,  is the wave speed at the point, cr~ are  the s t r e s ses  on the negative and positive sides of the front (for 
the front 1-2 we have ~ -  = 1.65 �9 105 bar .  

The disposition of the fronts  and the regions in the xt plane are  shown in Fig. 5. As is evident f rom 
Fig. 5, the region 2, where cr > ~A, is very  small ;  in all the remaining regions we have ~ < (r A and, con-  
sequently, the charac te r i s t i c s  have the constant slopes • a 1 = �9 0.5516 �9 106 r / s e c .  In o rde r  to study the 
variat ion of the pa rame te r s  in the various regions,  we also c a r r i e d  through calculat ions for the points 
a, b, c, d, e, f, g shown in Fig.  5; the data for these points is given in Table 3. The points e - f  a re  regarded  
as lying on the posit ive side of the fronts  1-4 and 5-6; the plus and minus signs in Table 3 indicate on which 
side of the fronts  3-4, 4-6,  or  6-7 the corresponding point l ies .  

One can draw the following conclusions f rom the data of Table 3: 

1) On the intervals  b-c ,  c-d,  e-g,  g - f  of a positive charac te r i s t i c  the pa rame te r s  ~ and v show 
negligible variat ion;  this situation holds only for the initial portion a-b.  

2) The phenomenon of spall takes place at point g, the thickness of the spall that flies off being about 
0.5 cm.  

3) If the inequality x e < h i s  sat isf ied (Xe is the coordinate of point e), then when spall occurs  the 
spall thickness is independent of the general  plate thickness h. 

1, 
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